Abstract. We investigate the critical behaviour of the two-dimensional Ising model defined on a curved surface with a constant negative curvature. Finite-size scaling analysis reveals that the critical exponents for the zero-field magnetic susceptibility and the correlation length differ from those for the planar Ising model. The quantitative alternation of these exponents originates from the difference in the metric of the underlying geometry of the Ising lattice. These findings suggest that the underlying geometric character of the system is responsible for the universality class of the Ising model.
Introduction
Scaling concept plays a vital role in describing critical phenomena associated with a second-order phase transition. The fundamental hypothesis states that, in the vicinity of a critical point, the largest length scale of the fluctuation of the order parameter diverges and all length scales contribute with equal importance [1, 2] . Theoretical arguments based on this hypothesis explain why most thermodynamic quantities near the critical point exhibit power-law behaviour with characteristic exponents that are independent of the microscopic details of a system [3, 4, 5] .
A primary example of a physical model exhibiting a second-order phase transition is the two-dimensional Ising model with ferromagnetic interaction [6, 7] . This model has been used extensively for innumerable projects in statistical physics, mainly due to its simplicity and broad applicability to real systems. Its physical properties have been throughly investigated thus far; however, it continues to raise interesting issues that are relevant to a wide range of critical phenomena. Amongst them, most intriguing is the critical properties of the Ising model defined on a curved surface [8, 9, 10, 11, 12, 13] . While several efforts have been done on this issue, it remains unsettled whether the Ising lattice model residing on curved geometry belongs to the same universality class as that of the planar Ising model. It should be noted that when the underlying geometry of the Ising lattice exhibits a finite curvature, the power-law relation N ∝ L d between the linear dimension L of the lattice and the total number of sites N becomes invalid due to the difference in the metric. This indicates that the conventional scaling laws for thermodynamic quantities should be revised, as discussed in the next section. Therefore, it is rather non-trivial how the finite surface curvature affects the universality class of the Ising model; this problem may be examined by computing critical exponents that characterizes the universality class of the system considered.
In the present paper, we investigate the critical behaviour of the two-dimensional Ising model defined on a curved surface with a constant negative curvature. Monte Carlo simulations and finite-size scaling analyses are employed to compute the critical exponent γ for the zero-field magnetic susceptibility and µ for the correlation volume. We demonstrate that the values of both γ and µ for our model differ from those for the planar Ising model. These quantitative deviations of critical exponents indicate the occurrence of a novel universality class of the Ising model induced by a finite curvature.
Scaling arguments for the Ising model
Let us briefly review the framework of the scaling argument that successfully explains the critical properties of the two-dimensional planar Ising model [3] . The scaling hypothesis states that, in the vicinity of the critical temperature T c , the singular part of the free energy f s of the Ising lattice per site should be a homogeneous function:
where t = (T − T c )/T c , h = H/(k B T ) and H represents an external magnetic field. The parameter λ d with a spatial dimension d indicates the rescaling of the total number of sites from N to λ d N; this results from the transformation of the linear dimension of the entire Ising lattice: L → λL. By eliminating λ from (1), we obtain the scaling relation of f s :
where F is a universal scaling function. The appropriate differentiation of (2) yields the power-law form of thermodynamic quantities such as the zero-field susceptibility χ ≡ ∂ 2 f s /∂h 2 ∝ |t| −γ , where the critical exponents are expressed as functions of x and y (for instance, γ = (2y − d)/x).
Equation (1) is justified when the Ising lattice is defined on a flat plane, since the rescaling of L by λ is definitely equivalent to that of N by λ d . However, this is not the case when the Ising lattice is defined on a curved surface. While a wide range of regular lattices can be constructed on curved surfaces with a constant Gaussian curvature [14, 15] , the relation N = L d become invalid for these lattices due to the differences in the metric of the underlying geometry. Hence, the rescaling L → λL does not imply N → λ d N: it requires some modifications of (1). ‡ We thus need an alternative rescaling parameter Λ for considering the scaling relation of the Ising model on curved surfaces:
where Λ is directly related to the rescaling of total sites N → ΛN. When the underlying geometry of the lattice is flat, (3) reduces to (1) since Λ = λ d . In this case, the parametersx andỹ given in (3) are defined asx = x/d andỹ = y/d, thus yielding identical values of critical exponents (for instance,γ = (2ỹ − 1)/x = (2y − d)/x = γ). In contrast, when the underlying geometry is curved, Λ is not be expressed as a power of λ; thus,x andỹ are not related to x and y. Consequently, the critical exponents for the latter model, which we determine byx andỹ, may quantitatively differ from those for the planar Ising lattice. We will see that the above inference is surely correct for the critical exponent γ for the zero-field susceptibility and that for the correlation volume of the order parameter.
Regular tessellation of curved surfaces
A simple spherical surface seems to be the optimal geometry to consider the curvature effect on the critical properties of the the Ising model. In fact, a number of efforts have been preformed on the Ising model with lattices whose topology is equivalent to a spherical surface [8, 9, 10, 11, 12, 13] . It is noted that, however, the thermodynamic limit cannot be considered for the closed form of sphere-like surfaces having positive curvature while maintaining their finite curvature. This is because a spherical surface reduces to a flat plane in this limit, where the curvature effect vanishes completely. Therefore, instead of a sphere, we consider a curved surface with negative constant curvature, termed a pseudosphere [14, 15] . The pseudosphere is a simply connected infinite surface in which the Gaussian curvature at arbitrary points possesses a constant negative value. § Hence, it serves as a suitable geometry for considering the curvature effect on the critical properties of a system. It should be noted that the pseudosphere occurs in manifold physical fields ranging from quantum Hall effects [17, 18, 19, 20, 21] , quantum chaos [22, 23, 24] , the string theory [25] to cosmology [26] , wherein the underlying geometric character of the system is extremely significant.
Interestingly, a wide range of regular lattices can be constructed on the pseudosphere [15] . This is achieved by a tessellation procedure, where the entire surface is covered by non-overlapping regular polygons meeting only along complete edges or at vertices. It is known that a regular tessellation of the pseudosphere with q regular p-sided polygons meeting at each vertex satisfies the following property: [15] (p − 2)(q − 2) > 4.
Hence, the series of integer sets {p, q} satisfying (4) results in an infinite number of possible regular tessellations of a pseudosphere. This is in contrast to the case of a flat plane, where only three regular tessellations are allowed: {p, q} = {3, 6}, {4, 4} and {6, 3} satisfying the condition (p−2)(q−2) = 4. For simplicity, we adopted a heptagonal {7, 3} tessellation to construct the Ising lattice on a pseudosphere. The resulting lattice comprises concentric layers of congruent heptagons surrounding a central heptagon. The Ising models embedded on a pseudosphere have been considered thus far [27, 28] ; § The definition of the pseudosphere will be given in Appendix.
however, the critical properties of the systems are yet to be concerned. Due to a peculiar metric of a pseudosphere, the total number of sites N of our heptagonal lattice exhibit a non-trivial evolution behaviour with the increase in the lattice size. The size of our lattice is determined by the number of concentric layers of heptagons, denoted by r, which effectively serves as a linear dimension in our lattice. For a given r, the number of total sites N is expressed as follows:
where c ± = 2± √ 5. Figure 1 
Numerical methods
We considered the conventional Ising model with ferromagnetic interaction:
where i, j denotes a pair of nearest-neighbour sites on a heptagonal lattice. In this study, temperatures and energies are expressed as units of J/k B and J, respectively. The order parameter m per site for a given configuration of {s i } is given by m = N i=1 s i /N. Our objective is to determine the zero-field magnetic susceptibility χ that exhibits the power-law relation χ(T ) ∝ |T − T c | −γ near the critical temperature T c . The susceptibility for a finite system size can be expressed as a function of the order parameter m as
or alternatively,
Despite the difference in their definitions, both χ and χ ′ yield the same critical exponent γ by the finite-size scaling method, as described in Ref [29] . The expectation values |m| and m 2 at temperature T are evaluated by Monte Carlo simulations [29, 30] . Sampling of the configurational space was carried out by using the standard metropolis local update algorithm. Quantitative evaluation of critical exponents can be achieved by using the finite-size scaling technique [31, 32, 33] . Close to the critical temperature T c , the susceptibility for a finite system size satisfies the following scaling behaviour:
Here, µ is the critical exponent describing the divergence of the correlation volume ξ V (T ) of the order parameter:
The quantity ξ V is a natural generalization [16, 34] of the correlation length ξ that diverges as ξ(T ) ∝ |T − T c | −ν in the planar model with the critical exponent ν. Near T c , the argument of the scaling functions χ 0 , denoted by x = |T − T c |N 1/µ , becomes much smaller than unity. This allows the polynomial expansion of the scaling function χ 0 as follows: (11) this expression is terminated at the order n. By fitting the numerical data of χ(T, N) for various values of T and N to (11), we obtain the critical exponents γ and µ and the critical temperature T c with the desired accuracy.
Results

Figure 2(a) and 2(b) show the calculated results of the zero-field susceptibilities χ(T, N)
and χ ′ (T, N) , respectively, as a function of temperature T . The single logarithmic plot is used in the figure 2(a) . The system size is varied from r = 4 to r = 8, which corresponds to the change in the number of total sites from N = 315 to N = 15435. Both χ and χ ′ exhibit such a typical behaviour that indicates the occurrence of a ferromagnetic transition within the temperature range of 1.2 ≤ T ≤ 1.3. For instance, the χ curve in figure 2 (a) monotonically increases with a decrease in T ; this is attributed to the onset of the ordered phase. In particular, at T ∼ 1.25, the slope of the tangent line diverges with an increase in the system size N. For an infinite limit N → ∞, the curve of χ for T > T c reproduces the divergence of the susceptibility with an appropriate prefactor. Further, the plot of χ ′ in figure 2 (b) exhibits a sharp peak at T ∼ 1.2, which is also a precursor of the divergence in the infinite system. Figure 3 shows the scaling plot of χ(T, N). The vertical and horizontal axes represent the scaled susceptibility χ(x)N −γ/µ and its argument x ≡ |T − T c |N 1/µ , respectively. All values appear along the two branches; this indicates the validity of the scaling assumption given in (9) . The critical exponents evaluated from the upper and lower branches are γ = 2.30(5) and µ = 3.42(2), and γ = 2.26(4) and µ = 3.41(2), respectively. The errors in the last decimal places, which are shown in parentheses, designate a 95% confidence interval. As expected, the estimated values of γ and µ for the two branches are in agreement within numerical errors. The optimal value of the critical temperature for the two branches is evaluated as T c = 1.25(1); this agrees with the preceding estimation from the values of figure 2(a) and 2(b). A similar analysis for χ ′ results in γ = 2.25(6), µ = 3.40(4), and T c = 1.26 (1); these values are fully consistent with the above results.
It is significant that our results of γ and µ considerably differ from the exact values for the planar Ising model [4] : γ = 7/4 and µ = 2 (The latter is based on the exact value ν = 1 and the relation µ = dν with d = 2). This implies that the introduction of a finite curvature into the underlying geometry results in the emergence of a novel universality class of the two-dimensional Ising model. It should be emphasized that our heptagonal lattice model, which is described by the Hamiltonian (6), is rather simple and similar to the conventional planar Ising model: the exchange interaction J takes the single constant value J = 1, and only the nearest-neighbour couplings are considered. Therefore, the deviation of γ and µ in our system cannot be attributed to some complicated conditions with respect to the interaction distance or anisotropy of the coupling constant.
In a flat plane, ξ V reduces to the power of the correlation length ξ, i.e., ξ V ∝ ξ d . In addition, we obtain µ = dν since ξ of the planar model satisfies the form ξ ∝ |T − T c | −ν near T c . However, these arguments are not valid for a curved surface. The quantity ξ V is no longer the power of ξ, and the exponents µ and ν become independent of each other. 
Discussions and Concluding remarks
Our numerical analysis revealed that the critical exponents γ and µ of the heptagonal Ising model defined on a curved surface assume values that differ from those for the planar Ising model. Further, it was clarified that when the lattice is defined on a curved surface, the total number of sites N is an appropriate scaling variable rather than the linear dimension of the lattice L. Intriguingly, the quantitative alternation of γ and µ is due to the difference in the metric of the underlying geometry of the Ising lattice. In other words, a finite curvature of the underlying geometry induces a the change in the global symmetry of the system; hence, it is relevant to the determination of the universality class of the system.
The above discussion evidently poses the following question: Does the curvature of the underlying geometry alter the other four critical exponents? With regard to the power-law behaviour of thermodynamic quantities, the planar Ising model is known to possess four other critical exponents [4] : α = 1, β = 1/8, δ = 15, and η = 1/4, they correspond to heat capacity, spontaneous magnetization, critical isotherm, and the twopoint correlation function, respectively. Our preliminary study has suggested that for a curved surface, the values of α and β deviate from those for a planar model [35] . On the other hand, it appears that the inequality α + 2β + γ ≥ 2 that generally holds in the planar model is also satisfied in our curved system. Detailed analyses of these issues and the other exponents δ and η will be described in a future study.
It should be noted that the finite curvature of the underlying geometry may produce another type of effect wherein the spin variables at each site possess orientational degrees of freedom. This is because the relative angle of interacting spins at neighbouring sites on a curved surface is determined by a spatially-dependent metric tensor. Thus, the Hamiltonian of the system should be modified such that it is a function of the metric tensor. As a result, the energetically preferable configurations of the vector spins differ from those in planar systems [36, 37, 38, 39] , which implies that the critical behaviour of these vector-spin lattice models is markedly influenced by a finite surface curvature.
Further, it is interesting to note that the geometric curvature continues to be relevant to the critical behavior of the system despite the omission of the vector property of the interacting spin variables; this was demonstrated by our results. Evidently, the spin variable s i of our model is set to be a scalar, and thus the Ising Hamiltonian given by (6) is devoid of the metric factor. Nevertheless, the surface curvature is surely relevant to the Ising model on curved surfaces since it allows the development of a wide variety of regular lattices satisfying the condition (4) that cannot be realize in a flat plane. That is, the finite curvature of the underlying geometry enable to construct peculiar lattice structures, thus inducing the alteration of the global symmetry of the system even when the interacting entities do not exhibit any vector property. Furthermore, in the vicinity of the critical point, the discreteness of the lattice becomes irrelevant and the model can be considered to be a continuum surface with a constant curvature. Thus, the metric of the underlying geometry plays a crucial role in the scaling behaviour of the Ising lattice model defined on the surface. In this context, our results of the critical exponents γ and µ are expected to be universal for all lattice structures other than the heptagonal one; this point is being investigated.
In conclusion, we have investigated the critical behaviour of the Ising model defined on a curved surface with constant negative curvature. Monte Carlo simulations and finite-size scaling analyses were employed to compute the critical exponent γ and µ for the zero-field magnetic susceptibility and correlation volume, respectively. The resulting values γ and µ show distinct values from those for the planar Ising model, which suggest that the finite curvature of the underlying geometry is responsible for the determination of the universality class of the system. Since the theoretical approach used in this work is rather general, we believe that our results provide a novel concept in the study of general critical phenomena on a curved surface.
